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Abstract. The weak stochastic realization problem is considered for discrete-time
stationary counting processes. Such processes take values in the countable infinite
set N = {0,1,2,...}. A stochastic realization is sought in the class of stochastic
systems specified by a conditional distribution for the output given the state of _
Poisson type, and by a finite valued state process. In the paper a necessary and

sufficient condition is derived for the existence of a stochastic realization in

the above specified class.
1. INTRODUCTION

The purpose of this paper is to present a result for the weak stochastic realiza-
tion of a discrete-time counting process and to indicate the major open questions.

The weak stochastic realization problem to be considered is given a discrete-time
counting process to show existence of and to classify all minimal Poisson-finite-state
stochastic systems whose output equals the given process in distribution. The class
of Poisson-finite-state stochastic systems is specified by a conditional distribution
for the output given the state of Poisson type, and by a finite valued state process.

The motivation of this problem is the area of control and prediction for systems
with point process observations. Examples of practical problems in this area are the
control of queues, the prediction of traffic intensities, the estimation of software
reliability, and the estimation of certain biomedical signals. The prediction and
control problems for this class of systems, under the assumption that the parameter
values are known, have been considered. Practical application of these results ‘
demands the solution of the system identification problem and the stochastic realiza-
tion problem for the class of Poisson-finite-state systems.

The stochastic realization problem for Gaussian processes has received quite some
attention the past fifteen years [2,3,6]. Both the weak and the strong version of the
problem have been investigated. A considerable body of results is available for this
problem. The corresponding problem for finite valued processes for which a realization
is sought in the class of stochastic systems with a finite state process has also
received consideration 14,5,8]. However, little progress has been made on this problem

as far as a realization algorithm and the characterization of minimal realizations is
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concerned. The major bottle neck is a factorization question for nonnegative matrices
[5].

In this paper attention is focused on the weak stochastic realization problem
for stochastic processes taking values in the positive integers. This problem should
be distinguished from the finite stochastic realization problem for processes taking
values in a finite set. A weak stochastic realization is sought in the class of
Poisson-finite-state stochastic systems described above. A necessary and sufficient
condition will be stated for a discrete-time counting nrocess to have a realization
in this class. Open questions will be mentioned.

A summary of the paper follows. The problem formulation is given in section 2,
while in section 3 a condition for existence of a weak stochastic realizatiom is

derived.
2. PROBLEM FORMULATION

Below a definition is given of a Poisson-finite-state stochastic system and
the corresponding weak stochastic realization problem is formulated.

Notation and terminology that will be used in the paper, will be defined. Let
{@,F,P} be a complete probability space and T = Z be the time index set. The condi-

tional independence relation for a triple of o-algebra's F],F G is defined by the

2,
condition that

EEXIX2IG] = E[xllG]EfleG]

for all X, € L+(F1) and X, € L+(F2); notation (F],G,Fz) e CI. Here L+(F1) is the set

of all positive F, measurable random variables. The smallest o-algebra with respect

to which a randomlvariable x 1s measurable is denoted by FX, and that containing the
o-algebra's G and H by GvH. The set of positive integers is denoted by N = {0,1,2,...},
while that of strictly positive integers by Z+ ={1,2,3,...}, For n ¢ Z, is Zn =
{1,2,...,n}. The set of nonnegative matrices is denoted by RZXH. For material on this

set see [1].
2.1. DEFINITION. A Poisson—finite-state stochastic system is a collection

o = {2,F,P,T,N,B,X,B,n,A}

N’
where {Q,F,P} is a complete probability space, T = Z, N = {0,1,2,...}, X = {C]’CZ""’
c } ¢ (0,°) for some n € Z+’BN’BX are c-algebra's on N and X generated by all subsets
n

of N and X, n: @ x T > X, A: OxT-> Xare stochastic processes calledrespectively theoutpu

process and the state process, such that for all t € T, k € N

n-

E[I(nt=k)lFt_1

vEN = O exp(-r) /!
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n- A=

and ()\C,Ft Vv Ft , t €T) is a stationary finite-state Markov process. Here
n- i
Ft = o({ns, Vs <t}), F = c((ks, VseTh.

Notation: o e PFSI.

In a stochastic systemone exhibits, besidesthe externally available output process,
the underlying state process. The state process isof crucial importance for thesolution
of prediction and control problems. The above defined stochastic system iscalled Poisson-
finite-state because theconditional distribution of the output process given thepast and
the state process is of Poisson type, and because the state process is a finite-state

Markov process.
In the following a stochastic process taking values in N will be called a

discrete~time counting process. The output of a Poisson-finite-state stochastic system
is a discrete-time counting process.

An abstract definition of a stochastic system can also be given [4,5,8]. It can
then be shown that the above defined Poisson-finite-state stochastic system satisfies
this abstraction definition. For the sake of completeness this result is put on

record.
2.2 DEFINITION. A (discrete-time) stochastic system is a collection

¢ = {Q,F,P,T,Y,B,,X,B_,y,x}

YUY

where {Q,F,P} is a complete probability space, T = Z, Y, X are sets and BY’BX

o-algebra's on Y respectively X, y: OxT -+ Y, %: QxT - X are stochastic processes

called respectively the output process and the state process, such that for all t ¢ T
X

(FZ* vt Rt P v Y
\

N } e CI,

t t-1,

where

+
FZ = o({yg, ¥szth).

2.3 PROPOSITION. A Poisson—~finite-state stochastic system as defined in 2.1 is a

stochastic system as defined in 2.2.

PROOF. Let t ¢ T, k € N, i € Zn' Then

r n- A=
B, .1 N 1
| (=K "0, =) el t
- r=1,.n- A-
= E{I ~ E[I N L R D }
O mep) T =10 et o |1Fe-1 t

[ k n- A—]
= ElI o (A ) Texp(-A ) /kIF vV F
; (At+]—ci) t t t-1 t |

[ e PN S
EII(Xt+1=Ci)|F J(xt) exp (-} ) /k!
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- A—

by (A, Fo by F_, t € T) a Markov process,
t> t-1 t
A
=EI1, _.I o F t].
L (=07 Oy =e)
P M M - A=

A monotone class argument then gives that (F ~ Vv F , F Ft—l v Ft‘) e CI, An

induction procedure and another monotone class argument then yields that

(Fn+ v FX+ FAt, F?:l

A_
t t+1’ vVF ) e,

from which the result is easily deduced.

For future use a dynamic representation of a Poisson—finite-state stochastic

system is derived. Define x: QxT - R" by X,

n
e = I(At=ci), and ¢ € R by

T

c = (c ...cn).

1

For c € R" define the diagonal matrix
D(c) = diag(c],...,cn) € Rnxu

with on the diagonal entries of the vector c. Let b € Rn, bi = exp(—ci).

Then

k ,
(At) exp(—At)/k.
v k
iZ] exp(—ci)(ci) I(kt=ci>/k.

BT D(c)kxt/k!

1

]

X . . . . - .
Let A ¢ R™ " be the transition matrix of the stationary finite-state Markov process );

thus

A.. = P({x.

y (o= 0 Ok SID/RUx =)

if well defined and zero otherwise. Then

X —

E[xt+1‘Ft] = Ax, .
Define

By = Xy T A%

T k
= - k!

AmZkt I(nt=k) b D(c) xt/

Then Am Am are martingale increments:

e’ 2kt

n- X+ _
E[Am1t|Ft_] vFEI=0,
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n- X \
Elamy, [F._, v F1 = 0. !

One obtains thus the representation
= AX_*A
[Feep = AXHM s

=bTD(c)kxt/k! + b

I(nt=k) 2kt ”

2.4 PROBLEM. The Poisson-finite-state weak stochastic realization problem is, given a

stationary discrete-time counting process on T=Z, fto solwe the following subproblems:

a. To give necessary and sufficient conditions for the existence of a Poisson-finite-
state stochastic system o such that the output process of this system equals the
given process in distribution; if such a system exists then it is called a weak
stochastic realization of the given process;

b. to classify all minimal weak stochastic realizations, where minimal refers to the

number of elements in the state space.

One may pose the question why for discrete-time counting processes attention is
restricted to the class of Poisson-finite-state stochastic systems? The answer is that ;
for systems in this class the stochastic filtering problem can easily be solved. Such
systems may therefore be used in-appliéations. The system identification problem then
demands the estimation of the parameters of the filter representation. To answer
questions about the identifiability of the parameters, the weak stochastic realization
problem must be resolved. v

For the sake of reference the solution to the stochastic filtering problem for a
Poisson-finite-state stochastic system is stated below. No reference in the literature

is known for this result but its proof is elementary.

2.5 PROPOSITION. Assume given a Poisson-finite-state stochastic system with the

representation
Xpgp = A% FAmy,
_ T k '
I(nt=k) b"D(c) xt/k. + AmZkt’

as described above. The solution of the stochastic filtering problem for this system
18 given by

s _ n-

5 E[xt,Ft—lj’

- - & a7
=A%+ ) ADR) - 8% ]
1 t k=0 t tt
1

(D(c)kb/k!)FbTD(c)kit/k!]_ 1

Xt+

. (n =k)

- 2 L N S
= kZO [AD(® )D(c) "b/k} 1D D(e) % /k!] 1(nt=k).
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PROOF. Omitted. ]

The solution of the above filtering problem is readily implemented. If
bk € Ri, k ¢ N, is defined as bk = D(c)kb/kl then one has the recursion

Py = Db /(k+1), by = b.

3. THE RESULT

Below a necessary and sufficient condition is given for a discrete-time counting
process to have a weak stochastic realization in the class of Poisson-finite-state
stochastic systems.

Some remarks on notation follow. The family of finite dimensional distributions

of a stationary counting process n is denoted by, for any m € Z+,

Pm(tl""’tm’kl""’km) = P({nt = kl""’nt = km})
1 m

h . ' < < ... < cee . i
where tl, ’tm e T, tm tm—l tl’ and kl’ ,km e N. Because the process 1s

. . ' _ _ -
stationary pmvlsndependent on the ti s only through t1 tz,tz t3,...,tm_1 ;m'

If ¢, b e R, then D(c)D(b) = D(b)d(c), while D(c)b = D(b)c. Let u eR™,u'=(11...1).
A stochastic matrix is an element A € szn such that uTA =u'. Note that if x: OxT-R"
. . . . 2 . . .
is defined as in section 2 by L I(At=ci)’ that then (xit) =X while for i # j,

Xitxjt = 0.

3.1 THEOREM. Assume given a stationary discrete-time counting process on T = Z, say

with finite-dimensional distribution, for m e Z,»

pm(t],...,tm,kl,...,tm).

There exists a weak stochastic realization of this process in the class of Poisson-

finite—state stochastic systems iff there exists ane L, a stochastic matrix

A e szu, and r,c € (0,=)", such that if b (O,w)n, b, = exp(—ci), then for any
me Z , t ..,t e Tt <t < v.. <tk ,...,k_ ¢ N one has
+ m m 1771 m

17 m—1

k t -t k, t. -t
= upmnee) 'al Zpmynce) 24l ...

k

...D(b)D(c) mr/kllsz... K !

The above existence criterion is analogous to that of the existence of a finite
stochastic realization as given in [4]. However, there conditional distributions are
used, as where here unconditional distributions are preferrcd. Remarks on a realization

algorithm are given below the proof.

PROOF. a = Assume there exists a weak stochastic realization say specified by the
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representation
R
=T k '
I(nt=k) = b D(c) ct/k. +Amy s

as discussed in section 2. Let r = E(xt). Then for £, < ty

n-— X
x, I, _ . |F. _ vF ]
t, (ntl-k) t 1 t

E[

n- X n-— X
= A\
Elx, E[I(n =k)|Ft g VF _]|Ft S VE D
2 t ] 1 1
T Ik Vo0 b4
= Elx, xt]D(c) b/k.lFt]_l v Ft]]
=42 Y% " pee)y*p/k!
t.t
151
57 k
= A D(xt )D(c) D(b)u/k!
1
t, -t
27 "1 k
= A D(b)D(e) x, /k!,
Elx, Iy ]
tZ (nt]=k)
£ty

=42 Tpmne) e/,

GRSl uD(BID(e) /K
1

It will be shown by induction that for

tm < tm—l < L.l < t2 < t1 < tO’ k],...,km e N
Elx I _ I ]

£y Ent]—k])... (ntn;km)

to- k tm—tm— k
=4 e AT T D )p(e) e/ Lk

By the above this holds for m = 1. Suppose it is true for m - 1. Then

Elx_I _ 1 8 d

ty (nt]—k])... (nt —km)
=E[E(x, I, ., JJF  _  vF 1.1, _, .1

ty (nt —kl) t 1 £, (nt —km)
1 m
= 4 (o) Tk, Bk EOx T 1 1
) t, " (n, =k,))... (n_ =k )
1 1 t2 2 tm

tn-t k
=29 pw)nie) ]...D(b)D(c)kmr/kl!...km!,
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T kl tm—l_t K
= u'D(b)D(c) '...A ™p(b)D(c) mr/kll...km!

. . . . . x
b. < If the indicated factorization exists then one has n € Z+, A e Rt T a stochastic
. n s . P
matrix, and ¢ € (0,~) . One can then construct a probability space and a Poisson-finite-

state stochastic system on it and part a. of the proof then shows that

E[1, I, ]
(nt]—kl)... (n, =k )
. k) t]—‘E‘Z k
= u D(b)D(c) A ...D(b)D(c) mr/kllkzl...km!
=pm(tl,...,tm,kl,...,km). O

A major unsolved question for the stochastic realization problem under discussion
is the construction of a realization algorithm. The following heuristic procedure may
be considered.

1. Assume that the function k!pl(t,k),-as function of k ¢ N, is a positive Bohl function

meaning that there exists a n e Z,, hyge RE, F e R:xn such that

T
k!p](t,k) =h Fkg.

Assume further that F can be chosen diagonal, say F = D(c) with c € Rz. Define b,d € Ri

as bi = exp(—ci), di = exp(ci). Then

kip, (t,k) = n'D(e) g = u'DmID() g

a'D(b)D(A)D(h)D(c) g

u D (B)D(e)*D(d)D(h)g

L}

5D () r,
- ® - T
1 = Zk=0 pl(t’k) =ur.

. . . nx
2. Determine a stochastic matrix A € R+ n such that for all t],tz e T, t2 < t

k],k e N,

1’
2
T K 56 )
k]!kzlpz(t],kz,kl,kz) = u D(b)D(c) A D(b)D(ec) “r.
Step 1 and 2 determine n ¢ Z,,cc¢ (O,w)n, A € szn.
3. Check whether the condition of theorem 3.1 holds for any m ¢ Z_.

A major difficulty with the above algorithm is that nothing is known about
factorization of positive functions as in step 1 above. In addition little is known
about the factorization in step 2 of positive functions with more then one countable
infinite index. Analogous difficulties occur in the finite stochastic realization
problem [4,5].

Another major unsolved question is the characterization of minimal realizatioms.
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It seems that this question is also analogous to that of the finite stochastic
realization problem, see {5]. There it is shown that this question leads to a factori-

zation problem for nonnegative matrices. The latter problem is unsolved.
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